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ABSTRACT 

There are i n  e x i s t a n c e  a number o f  d e s c r i p t i o n s  o f  

t h e  ea r th ' s  magnet ic  f i e l d  i n  terms o f  e x p a n s i o n s  of  s p h e r i c a l  

harmonics .  A more convenient  bu t  less  a c c u r a t e  method of c a l -  

c u l a t i n g  t h e  geomagnet ic  f i e l d  a t  a p o i n t  i s  t o  u s e  i t s  d i p o l e  

r e p r e s e n t a t i o n .  T h i s  approach i s  developed  here ,  a l o n g  w i t h  a 

d i s c u s s i o n  of i t s  a c c u r a c y ,  v a l i d i t y ,  and agreement w i t h  s p h e r i c a l  

harmonic expans ions .  A cornparisor, o f  t h e  d e r i v e d  d i p o l e  f i e l d  

w i t h  t h e  m u l t i p o l a r  expans ion  i n d i c a t e s  t h a t  t h e  d i p o l e  model 

r e p r e s e n t s  t h e  geomagnet ic  f i e l d  n e a r  t h e  s u r f a c e  of  t h e  ea r th  

t o  w i t h i n  abou t  1 0 % .  
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1 . 0  I N T R O D U C T I O N  

The document " N a t u r a l  Environment and P h y s i c a l  S tan-  
dards f o r  t h e  Apol lo  Program" c o n t a i n s  as a d e s c r i p t i o n  o f  t h e  
geomagnet ic  f i e l d  o n l y  an  upper l i m i t  o f  0 . 5  g a u s s  (50  micro-  
t e s l a ) .  I n  o r d e r  t o  g i v e  a more comple te  d e s c r i p t i o n  o f  t h e  
magnet ic  f i e l d  o f  t h e  e a r t h  a new model has been proposed .  

The re  are i n  e x i s t a n c e  a number o f  d e s c r i p t i o n s  o f  

A more conven ien t  b u t  l e s s  a c c u r a t e  method 
t h e  e a r t h ' s  magnet ic  f i e l d  i n  terms o f  e x p a n s i o n s  o f  s p h e r i c a l  
harmonics .  ( ' ) ( * )  
o f  c a l c u l a t i n g  t h e  geomagnetic f i e l d  a t  a p o i n t  i s  t o  u s e  i t s -  
d i p o l e  r e p r e s e n t a t i o n .  T h i s  approach  i s  developed  he re ,  a l o n g  
w i t h  a d i s c u s s i o n  o f  i t s  accu racy ,  v a l i d i t y ,  and agreement  w i t h  
t h e  s p h e r i c a l  harmonic expans ions .  A comparison o f  t h e  d e r i v e d  
d i p o l e  f i e l d  w i t h  t h e  bes t  e s t i m a t e s  o f  t h e  geomagnet ic  f i e l d  
e n a b l e s  one to s e e  t h e  e x t e n t  t o  which t h e  a c t u a l  f i e l d  i s  
d i p o l a r .  

2 . 0  DESCRIPTION OF THE MODEL 

I n  t h i s  d i p o l e  f i e l d  model,  t h e  geomagnet ic  f i e l d  i s  
r e p r e s e n t e d  as d e r i v i n g  from a s i m p l e  magnet ic  d i p o l e  l o c a t e d  
342 km from t h e  c e n t e r  o f  t h e  e a r t h ,  i n c l i n e d  a t  an  a n g l e  11.5O 
w i t h  r e s p e c t  t o  t h e  a x i s  of r o t a t i o n ,  and l y i n g  i n  t h e  m e r i d i a n  
p l a n e  w i t h  a l o n g i t u d e  60" West from t h e  Greenwich Mer id i an .  ( 3 )  

The d e r i v a t i o n  i s  d e s c r i b e d  i n  more d e t a i l  i n  t h e  
Appendix,  b u t  a b r i e f  summary i s  g i v e n  here .  The magne t i c  
f i e l d  o u t s i d e  t h e  e a r t h  can b e  d e s c r i b e d  r e a s o n a b l y  w e l l  by 
t h e  g r a d i e n t  o f  a s c a l a r  p o t e n t i a l  up t o  abou t  10  ear th  r a d l i  
where c u r r e n t  s h e e t s  a r e  hypo thes i zed .  
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For  a s i m p l e  d i p o l e  f i e l d  

I1,M W 

4 n  ( u  +v t w  ) 

V,M COS em - - 
2 2 2 3/2  2 v =  

m 4 a r  

where u,v,w are c o o r d i n a t e s  i n  t h e  s y s t e m  of t h e  magnet ic  
d i p o l e ,  w i t h  t h e  d i p o l e  a long  t h e  t w  d i r e c t i o n  and t h e  -v 
d i r e c t i o n  p a s s i n g  th rough  t h e  c e n t e r  o f  t h e  e a r t h .  T h i s  
d i p o l e  f i e l d  i s  t r a n s f o r m e d  t o  t h e  g e o c e n t r i c  c o o r d i n a t e  
s y s t e m ,  X1, X2, X3. The c o o r d i n a t e  s y s t e m s  a re  shown i n  
F i g u r e  1. The t r a n s f o r m a t i o n  i s  g i v e n  i n  t h e  Appendix. 
The p o t e n t i a l  i s  t h e n  expanded i n  terms o f  s p h e r i c a l  ha r -  
monics ,  and t h e  r e s u l t i n g  c o e f f i c i e n t s  compared w i t h  t h e  
c o e f f i c i e n t s  g i v e n  i n  t h e  l i t e r a t u r e .  

When t h e  magnet ic  p o t e n t i a l  i s  expanded i n  terms 
o f  t h e  s p h e r i c a l  harmonics  i n  t h e  form: 

n=O m=O 

t h e  conven t ion  among g e o p h y s i c i s t s  i s  t o  u s e  Schmid t ' s  q u a s i -  
no rma l i zed  p o l y n o m i a l s ,  Pm(cos 0 )  d i s c u s s e d  i n  Refe rence  4. 
These po lynomia l s  are normal ized  d i f f e r e n t l y  from t h e  more 
common Legendre polynomia ls .  

.?, 

2"n! (n-m)! -7Zin- p:(cos "Schmidt = pz(cOs e )Legendre  X 

T h i s  conven t ion  w i l l  a l s o  b e  fo l lowed  here .  

3 .0  RESULTS 

The c o e f f i c i e n t s  f o r  t h e  expans ion  f o r  t h e  geomagnet ic  
p o t e n t i a l  p r e d i c t e d  by t h e  d i s p l a y e d ,  i n c l i n e d  d i p o l e  model are  
g i v e n  i n  Tab le  1. The co r re spond ing  v a l u e s  g i v e n  i n  t h e  l i t e r a -  
t u r e  are g iven  i n  Tab le  2 .  I t  i s  s e e n  t h a t  t h e  f i rs t  o r d e r  terms 
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( n = l )  p r e d i c t e d  by  t h e  d i p o l e  model a r e  i n  good agreement  w i t h  
t h e  o b s e r v e d  v a l u e s .  The second o r d e r  t e r m s  a g r e e  w i t h  t h e  
o b s e r v a t i o n s  o n l y  v e r y  rough ly ,  a n d  t h e  d i p o l e  model b r e a k s  down. 
The second o r d e r  terms amount t o  a b o u t  10% of t h e  t o t a l  f i e l d ,  s o  
t h a t  t h e  d i p o l e  model is  a c c u r a t e  t o  a b o u t  t h i s  a c c u r a c y .  

t h e  v a r i a t i o n  wi th  t i m e  of t h e  o r i e n t a t i o n  and  p o s i t i o n  of t h e  
magne t i c  d i p o l e .  A s  ment ioned above ,  t h e r e  i s  h y p o t h e s i z e d  a 
c u r r e n t  sheet  e x t e n d i n g  beyond 10 e a r t h  r a d i i ,  s o  t h a t  t h e  d i p o l e  
c e r t a i n l y  is n o t  a p p l i c a b l e  there .  I n  a d d i t i o n ,  t h e  magnetosphere  
is d . i s t o r t e d  by  t h e  p o s i t i o n  of t h e  sun ,  p r o b a b l y  t h r o u g h  t h e  
medium of t h e  s o l a r  wind e x e r t i n g  a p r e s s u r e  on t h e  magne t i c  
c a v i t y  i n  t h e  s o l a r  d i r e c t i o n .  T h i s  c a u s e s  a n  a n i s o t r o p y  i n  
t h e  geomagnet ic  f i e l d  beyond a b o u t  3-5 e a r t h  r a d i i .  
t h i s  model is v a l i d  t o  about  10% up t o  r o u g h l y  5 e a r t h  r a d i i .  

The d i p o l e  model cou ld  be made more a c c u r a t e  by  i n c l u d i n g  

T h e r e f o r e ,  

4 .0  CONCLUSIONS 

Comparing Tab le  1 w i t h  Tab le  2, p a r t i c u l a r l y  t h e  n=2 
t e r m s  i n d i c a t e d  t h a t  t h e  a c t u a l  f i e l d  a t  t h e  s u r f a c e  o f  t h e  e a r t h  
d i f f e r s  f rom a d i p o l a r  f i e l d  by  l e s s  t h a n  10%. If t h e  o r i e n t a -  
t i o n  and p o s i t i o n  of  t h e  d i p o l e  had been  v a r i e d  t o  o p t i m i z e  
agreement  of t h e  d i p o l a r  m o d e l  w i th  t h e  obse rved  f i e l d ,  it i s  
l i k e l y  t h e  agreement  would have 

R. H. H i l b e r g  1 0 1 1 - R H H - r p k  

A t t achmen t s  
Appendix 
R e f e r e n c e s  
F i g u r e  1 
T a b l e  1 & 2 
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A P P E N D I X  

The t e c h n i q u e  used  t o  c a l c u l a t e  t h e  geomagnet ic  f i e l d  
has been t o  e v a l u a t e  a s c a l a r  p o t e n t i a l  for a p u r e  magnet ic  
d i p o l e  i n  a c o o r d i n a t e  sys tem which i s  d i s p l a c e d  from t h e  d i p o l e ,  
and r o t a t e d  w i t h  r e s p e c t  t o  t h e  d i p o l e  a x i s .  T h i s  c o o r d i n a t e  
s y s t e m  w i l l  be  d e s c r i b e d  g e n e r a l l y ,  and t h e n  t h e  s p e c i f i c  p a r a -  
meters r e p r e s e n t a t i v e  o f  t h e  c e n t e r  of t h e  e a r t h  r e l a t i v e  t o  t h e  
e f f e c t i v e  magnet ic  d i p o l e  w i l l  b e  used t o  p r o v i d e  an  estimate of  
t h e  f i e l d .  

The  u,v,w c o o r d i n a t e  s y s t e m  shown i n  F i g u r e  1 i s  
chosen such  t h a t  

r e p r e s e n t s  t h e  sca la r  p o t e n t i a l  i n  r a t i o n a l i z e d  MKS u n i t s .  
The t r a n s l a t i o n  o f  t h e  o r i g i n  t o  t h e  c e n t e r  of t h e  e a r t h  ( x  
x2’x3 

1’ c o o r d i n a t e  s y s t e m )  i s  d e s c r i b e d  b y  

1 
! 
i 

x1 = u 
\ 

x2 = - p  I‘ 
x3 = I 

where p i s  t h e  d i s t a n c e  o f  t h e  d i p o l a r  a x i s  from t h e  c e n t e r  of 
t h e  earth a t  i t s  n e a r e s t  approach .  The magnet ic  d i p o l e  i s  assumed 
to b e  l o c a t e d  a t  th is  p o i n t .  

We now pe r fo rm two r o t a t i o n s  p roduc ing  t h e  g e o c e n t r i c  
c o o r d i n a t e  s y s t e m :  

1. r o t a t e  around t h e  x1 a x i s  by 6 

2 .  r o t a t e  around t h e  x a x i s  by  y 3 
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This gives: 

u = x1 

cos y sin y 0 

-sin y cos y 0 

0 0 1 

cos y - X2 sin y 

v = X1 cos y cos 6 + X cos y c o s  6 - X 
2 3 

w = X1 sin y sin 6 + X2 cos y sin 6 + X 3 

sin 6 

cos 6 

1 

2 

X 

X 

.x3 

1 '7 

(3) 

( 4 )  

Substituting Equation 4 into Equation 1, and expressing 
x1' x2, x3, in spherical polar coordinates R, e ,  $, gives 

uOM sinecos$sinysin6tsinesin$cosysin6+cosecos6 
V=4n R 2 [ l + p  2 2  /R  +2p/R(sinecos+sinycos6+sin~sin$cosycos~-cosesin6.)] 312  

The denominator in Equation 5 can be expanded using 
the binomial series: 

( 6 )  15 2 
+ = 1 - 3 / 2 a + ~ a  . . .  a 2 < 1  

Combining Equation 6 and Equation 5, and keeping only first 
order terms in p /R  (p/R Q . 0 5 3 7  at the earth's surface) one obtains 

. uoM 
4nR 

v = -  (sinecos+sinysin6+sinesin+cosysin6+cosecos6) 2 
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For the geomagnetic field, ~ 1 3 4 2  km = .0537 earth radii; 

ucM 
r=159' , 6=11.5', = 8.1 x 1 0 1 5  weber-meter (or Tesla-m3) = 

,312 gauss-(earth radii) 3 . 

Using these parameters, the values of gm h: defined by n' 

are calculated for n=l and 2 and shown in Table 1. 
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F I G U R E  I :  COORDINATE SYSTEMS 

U,V ,W:  MAGNETIC DIPOLE AXES; W=AXIS OF THE MAGNETIC  DIPOLE^, 
v A X I S  PASSES THROUGH CENTER OF EARTH 

Xi, X2, X,: GEOCENTRIC COORDINATES; X, = AX1 S OF ROTATION 
X i  A X I S  CONTAINS GREENWICH M E R I D I A N  

TO CONVERT FROM u,v,w: 
1 -  
2- 

TRANSLATE ALONG v A DISTANCE P ,  G I V I N G  x I , x ~ , x ~  COORDINATES 
ROTATE ABOUT X ,  BY 6 G I V I N G  X ~ , X ~ , X ,  COORDINATES 

1 1 1  

3.  ROTATE ABOUT x; BY y G I V I N G  Xi,X2,X, COORDINATES. 



TABLE 1 

Expansion C o e f f i c i e n t s  f o r  Geomagnetic F i e l d  
i n  g a u s s - ( e a r t h  r a d i i ) '  C a l c u l a t e d  From Dipo le  Model, w i t h  
Schmidt Norma l i za t ion .  

g i  = .0224 

I .0166 g2 = - 

= .00366 g2 

I TABLE 2 

Observed C o e f f i c i e n t s  F o r  The Geomagnetic F i e l d  i n  
g a u s s - ( e a r t h  r a d i i )  3 

'J. Cain ,  e t i a l .  (Ref .  1) - 1965  D.  J e n s e n  and J .  Cain  (Ref .  2 )  - 1962 

gy = ,304112 0 gl = .30426 

gl = .02174 

g2 = ,01548 

h; = -.05761 g i  = .021474 h i  = -.057989 
1 

0 g: = .024035 

h i  = .01949 g i  = - .051253 h i  = .033124 
1 g2 = -.03000 

I 


